The hidden Kerr/CFT proposal implies that the massless scalar wave equation in the nearregion and low-frequency limit respects a hidden SL(2,R)×SL(2,R) invariance in the Kerr black hole spacetime. We may use this symmetry to determine quasinormal frequencies (QNFs) of the massless scalar wave propagating around the Kerr black hole algebraically.
Introduction
It was known that the scalar wave equation in the near-region and low-frequency limit enjoys a hidden conformal symmetry in the generic Kerr black hole which is not regarded as an underlying symmetry of the Kerr spacetime itself [1, 2] . Such a hidden symmetry originates from the observation that low-frequency scattering amplitudes of scalar from a black hole are expressed in terms of hypergeometric functions [3, 4] , which form representations of the conformal group SL(2,R). Curiously, this might lead to the conjecture that the nonextremal Kerr black hole with angular momentum J is dual to a conformal field theory (CFT) with central charges [1] . It is also found that the low-frequency amplitudes of scalar-Kerr scattering coincide with thermal correlators of a CFT on the boundary.
However, we note that this hidden Kerr/CFT proposal should be contrasted with the usual geometric approach where Kerr/CFT correspondence may be applied for (nearly) extremal Kerr black hole with infinite throat geometries containing AdS subspaces [5, 6] .
For example, the near-horizon geometry of the extremal Kerr black hole (a = M) contains AdS 2 , whose isometry is SL(2,R) R ×U(1) L . In this sense, one has to use the terminology of "hidden" for the generic Kerr black hole spacetime when taking account of the nearregion ωr ≪ 1 and low-frequency limit ωM ≪ 1. We would like to point out that the Cardy formula matches the Bekenstein-Hawking entropy of the non-extremal Kerr black hole only when using the central charges of c L = c R = 12J obtained from the Kerr/CFT correspondence for the extremal Kerr black hole. This is a weak point of the hidden Kerr/CFT proposal to obtain the generic Kerr black hole entropy, since it assumed that the central charges behave smoothly and they do not change as we move away from the extremal case [7] .
On the other hand, Chen and Long [8] have proposed that one can use the hidden conformal symmetry to determine quasinormal modes (QNMs) algebraically as descendants of a highest weight state in the black hole spacetime (see also the recent works [9, 10] to find QNMs in different method). Using this idea, the authors [11] have argued that the scalar wave equation in the near-region and low-energy limit enjoys a hidden SL(2,R) invariance in the Schwarzschild spacetime. They have used the SL(2,R) symmetry to determine algebraically quasinormal frequencies (QNFs: ω = ω R − iω I ) of scalar around the Schwarzschild black hole, leading to purely imaginary QNFs (ω = −iω I ) which may be suitable for describing large damping. Here we note that the sign of ω I is important because it determines the stability of the black hole [12] . We wish to mention that the method developed for the hidden Kerr/CFT correspondence could not be directly applied to derive QNFs of scalar around the Schwarzschild black hole because there is no room to accommodate an AdS 2 structure in the near-horizon geometry of Schwarzschild black hole [13] . Its near-horizon geometry is the Rindler spacetime. Furthermore, it seems that no purely imaginary QNFs were found from the scalar propagating around the Schwarzschild black hole [12, 14] .
Recently, the authors [15] have developed a hidden SL(2,R) symmetry in the near-region and low-energy limit of the Reissner-Nordström (RN) black hole. One may use the SL(2,R) symmetry to determine QNFs of scalar around the generic RN black hole algebraically.
QNMs and purely imaginary QNFs were obtained by employing the operator method [16] .
As is well known, QNMs are determined by solving a scalar wave equation around the RN black hole as well as imposing the boundary conditions: ingoing waves at the horizon and outgoing waves at infinity of asymptotically flat spacetime. A key point in deriving QNMs is to impose proper boundary conditions on waves. It is not possible to derive QNMs of a scalar propagating in the RN black hole spacetime by using hidden conformal symmetry solely because QNMs do not satisfy the outgoing wave-boundary condition required in asymptotically flat spacetime. Instead, it is suggested that QNMs satisfy the ingoingboundary condition at the horizon and Dirichlet boundary condition at infinity. Hence, we have to find a specified RN black hole spacetime where one could capture QNMs and QNFs of scalar in the whole spacetime outside black hole. Explicitly, in order to obtain QNMs and QNFs of scalar around the RN black hole imposed by the near-region and low-frequency limit, we have to consider a freely propagating scalar around the corresponding (specified) black hole spacetime without requiring the near-region and low-frequency limit. It is known that the specified RN black hole spacetime is given by the near-horizon region AdS 2 × S 2 of a nearly extremal RN black hole [17] . This means that in order to derive QNMs and QNFs of scalar around black hole with hidden conformal symmetry, the SL(2,R) hidden symmetry should be realized as an isometry symmetry of the specified RN black hole. Also, it is worth to note that purely imaginary QNFs of a scalar reflects lower-dimensional nature of AdS 2 base in the near-horizon region of a nearly extremal RN black hole [16, 18] . This implies that purely imaginary QNFs could not be derived from scalar around any RN black holes in four-dimensional spacetime [12, 14] .
In the case of Kerr black hole spacetime imposed by hidden conformal symmetry [19, 20] , the specified black hole spacetime is conjectured to be the near-horizon region of a nearly extremal Kerr (NEK, rapidly rotating) black hole with a → M because the latter contains AdS 2 base as the near-horizon region. In this sense, we expect to obtain QNFs of scalar around the Kerr black hole with hidden conformal symmetry.
In four-dimensional spacetime, NEK black holes have considerable theoretical and observational significance. For a rapidly rotating stellar-mass black hole, its spin measurement was reported in [21, 22] , while for a rapidly rotating supermassive black hole, its spin measurement was very recently reported in [23] . Detweiler has made an approximation to the Teukolsky equation [24, 25] for NEK black holes to show that QNMs with ℓ = m (equatorial modes) have a long decay time of 1/ω I [26] . Sasaki and Nakamura have computed QNFs analytically [27] , and Anderson and Glampedakis have proposed long-lived emissions from NEK black holes [28] . However, it seems that there exists a long-standing controversy about what set of QNMs decay slowly [29] and whether ω I vanishes as a → M [30] . Here we will use analytic expressions of complex QNFs [29, 31] with the black hole mass M and the angular momentum J. Two solutions to △ = 0 are defined by the inner (r − ) and outer (r + ) horizons as
It is well-known that in the Kerr geometry (2.1), the massless Klein-Gordon equation
with K ℓ the separation constant to be fixed below. We note that Eq.(2.5) is exactly the same with the radial Teukolsky equation [24, 25] for s = 0. In order to investigate the hidden conformal symmetry [1] , we first consider the low-frequency limit ωM ≪ 1 and near-region ωr ≪ 1. It turns out that in the low-frequency limit of ωM ≪ 1, Eq.(2.4) 
where the last term in Eq. (2.5) is dropped and we set K ℓ = ℓ(ℓ + 1). It is known that (2.7) could be converted into hypergeometric equation whose solution is given by hypergeometric functions. These form representations of SL(2,R), indicating the existence of hidden conformal symmetry. To show the hidden conformal symmetry explicitly, we introduce two sets of vector fields [1]
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which satisfy the SL(2,R) algebra 14) and similarly forH 0 ,H ±1 . Here the left/right temperatures of CFT are given by
while the Hawking temperature of the generic Kerr black hole takes the form
with the angular velocity of the black hole at the horizon
The two Casimir operators H 2 =H 2 , being obtained from the above vector fields can be written as
18) 20) which allow the radial equation (2.7) to rewrite two eigenvalue equations as
Consequently, the above result shows that in the near-region and low-frequency limit, the scalar equation (2.21) admits SL(2,R) L ×SL(2,R) R symmetry with conformal weights
Potential behaviors
In order to see how much is changed when taking two limits, we wish to study the change of potential around the Kerr black hole which feels by a scalar. For this purpose, we define a tortoise coordinate r * defined by dr
where r ∈ [r + , ∞) is mapped into r * ∈ (−∞, ∞). Introducing a radial function ψ(r) = R(r) √ r 2 + a 2 , the original radial equation (2.5) reduces to the Schrödinger-type equation
whose potential V K is given by
One can check easily that the scalar potential around the Schwarzschild black hole is recovered from taking a = 0 (r + = 2M) in the Kerr potential V K (3.3) 
On the other hand, for the limits of ωr ≪ 1 and ωM ≪ 1, the Kerr potential
It is shown that as r → ∞, the potential V K approaches 0, while V ωr,ωM ≪1 K approaches ω 2 , which implies that its asymptotic behavior depends on the value of the frequency ω. From In the near-horizon of r ≈ r + , however, two potentials have the same form as
Their waves are given by solving (3.2) as
It should be pointed out that the near-horizon region of r ≈ r + is not enough to derive quasinormal modes because we have to impose boundary conditions at the horizon as well as asymptotic infinity. In order to describe the near-horizon region well, it is useful to introduce a new coordinate defined by
where r ∈ [r + , ∞) is inversely mapped into ρ ∈ (∞, 0]. In the near-horizon limit, we have a relation of r ≈ r + + 2r 0 e −2κρ which leads to r ≈ r + for ρ(= −r * ) → ∞. Using this new coordinate, the radial equation (2.5) leads to the Schrödinger equation 10) where the potential V K (ρ) is given by
We note that in the Schwarzchild limit (a → 0), the potential (3.11) reduces to 13) which is exactly the same as found in Ref. [13] . On the other hand, our main concern is to take the low-frequency and near-horizon 2 limits in (3.11), which yields a simple potential form (see Appendix A for explicit derivation)
Here, the first term of (3.14) appears as a new term when comparing V ωM ≪1 K with those for the Schwarzschild black hole [13] and the RN black hole [16] . Note that this term disappears for either the non-rotating black hole (a = 0) or axisymmetric perturbation (m = 0) [6] .
Consequently, in the low-frequency and near-horizon limits the Eq.(3.10) together with (3.14) leads to the Schrödinger-like equation 
Quasinormal frequencies by operator method
First, we wish to derive QNFs of scalar around the Kerr black hole by employing an algebraic method based on the hidden conformal symmetry (2.8)-(2.13) [19] . For convenience, we
We first consider the primary state
Acting operations L 0 andL 0 on Φ (0) with the ansatz
then equation (4.2) yields the relation between ω and m as
when requiring the same conformal weight condition h L = h R . In this case, h L and h R are determined to be
As a result, from (2.22) and (4.5), the frequency ω 0 is given by purely imaginary quantity
and also, the azimuthal number m becomes purely imaginary quantity
In addition, the highest weight condition is implemented by requiring two conditions on
It turns out that the solution to (4.8) is given by
where C is an integration constant. Staring from the highest weight state Φ (0) , we may construct all descendants Φ (n) by using the relations
ω n , m n , and R (n) are determined to give
where R (0) (r) is given by QNFs by introducing three vector fields
15)
These satisfy the SL(2,R) commutation relations
Then, the SL(2,R) Casimir operator is constructed by
Eq.(3.15) could be written as
whereΦ can be effectively written as
First of all, we define the primary state by Φ (0) which satisfies 20) and the highest weight condition
Considering (4.19), one has a conformal weight
On the other hand, forΦ (0) , the SL(2,R) Casimir operator satisfies 
Then, all the descendants are constructed bỹ
so that we haveΦ
Here we read off QNFs as 28) which is one of our main results.
Moreover, the n-th radial eigenfunction R (n) (ρ) takes the form
We also have
which implies thatΦ (n) forms a principal discrete highest weight representation of the SL(2,R). Now we wish to solve the highest weight condition (4.21) to determine the highest weight state R (0) (ρ)
The solution is given by
We note that the solution (4.32) behaves as
This is the ingoing mode propagating into the horizon (ρ → ∞). For the n-th radial eigenfunction, one can easily show by induction
Finally, we observe that R (0) (0) = 0 at infinity (ρ → 0, r * → ∞), which shows that it is not the outgoing wave at infinity but satisfies the Dirichlet boundary condition as like at the infinity of AdS spacetime. Moreover, the first radial eigenfunction R (1) (ρ) can be explicitly constructed as
which also satisfies the Dirichlet boundary condition at infinity. One can easily show that the n-th radial eigenfunction R (n) (ρ) behaves as the same way as R (1) (ρ) likewise.
Near-horizon geometry of the NEK black hole
In the case of Kerr black hole spacetime imposed by hidden conformal symmetry, it is conjectured that the specified black hole spacetime could be the near-horizon region of a NEK black hole with a → M. In this section we wish to study the near-horizon geometry of the NEK black hole and obtain QNFs of scalar propagating around this background geometry.
For this purpose, we first consider the NEK black hole by considering the conditions of r 0 ≪ 1, a ≈ M, and r + ≈ r − ≈ M which are explicitly expressed by introducing a very small parameter λ as [32] 
which imply that three temperatures and angular velocity are approximated to be
Here one is keepingT R fixed in the limits of T NEK , T R → 0(λ → 0) and it is called the dimensionless near-horizon temperature. In order to describe the near-horizon geometry, we also introduce three coordinates 4) and take λ → 0 keeping (τ, y, ϕ) fixed. After some manipulations, we obtain the nearhorizon region of NEK black hole isolated by the NHEK limit [33] 
where Γ(θ) = 1 + cos 2 θ 2 , Λ(θ) = 2 sin θ 1 + cos 2 θ with θ ∈ [0, π] and ϕ ∼ ϕ + 2π. The horizon is located at y = 0. For the extremal Kerr black hole, we haveT R = 0 and its near-horizon geometry is described by
in terms of Poincare coordinates. This represents the quotient of warped AdS 3 ≈ AdS 2 ×S 1 for fixed polar angle θ [34] . Hence, the presence ofT R distinguishes between NEK and extremal Kerr black holes.
It is found that in the background spacetime (5.5), the massless Klein-Gordon equation
can be decomposed into two differential equations
and
whereK ℓm are eigenvalues which can be computed numerically [33] . Approximately, it is given byK ℓm ≈ ℓ(ℓ + 1) + cm 2 with c ∈ [0.13, 0.22] and ℓ ≥ |m|. We now introduce a coordinate defined by 10) which is integrated to be
This maps y ∈ [0, ∞) to y * ∈ (−∞, 0]. Then, the equation (5.9) becomes the Schrödinger-type equation
The potential V NEK (y) is given by 13) which implies that lim y→∞ V NEK → ∞ for ℓ > |m|. This reflects the nature of AdS 2 base in (5.5). In other words, the case of ℓ = m is not allowed for our computation.
On the other hand, in the near-horizon limit, it takes the form
which leads to zero for m = 0. In this case, a solution to (5.12) is given by 15) where the first term (the second one) correspond to the ingoing mode (outgoing mode) when considering (5.7). We are now in a position to find QNFs of scalar field around the black hole (5.5). It turns out that the solution to Eq.(5.9) is given by the hypergeometric functions as
where c 1,2 are arbitrary constants and β is given by
We note that the two first terms (c 1 y · , c 2 y · ) can be recovered from considering (5.15) together with (5.11).
In order to obtain QNFs, we first require the ingoing mode at horizon and then, Dirichlet boundary condition at infinity 4 . Choosing the ingoing mode at horizon (y = 0) leads to c 2 = 0 and then, the solution at infinity (y → ∞) can be written as 18) where Γ 1,2 are given by
The near-horizon geometry of NEK black hole we consider in this section admits the potential behavior as V NEK → 0 at horizon and V NEK → ∞ in the y → ∞ limit as given in Eq.(5.13), which suggests that its asymptote is changed from a flat spacetime given by the Kerr black hole to an AdS spacetime. This means that QNFs of scalar field propagating around the near-horizon geometry of NEK black hole can be defined not by the outgoing mode, but by Y = 0 for the Dirichlet boundary condition at asymptotically AdS infinity. We state clearly that these QNFs can not be consistent with those obtained in a whole geometry of NEK black hole [29] . Nevertheless, in appropriate limits, two QNFs can be matched (see Table 1 in Sec.6 for detailed limits), which is one of our main results in this paper.
Imposing the Dirichlet condition at infinity leads to Γ 2 = 0, which provides two conditions
From (5.22), one finds the purely imaginary QNFs
Further, considering the transformation (5.4), we have the relation of time and angular-part 24) which implies that QNFs are given by
Also, we have 27) which implies that azimuthal number m is purely imaginary for real β > 0.
Finally, we wish to mention that for ℓ ≫ m, β is approximated to be 28) which allows us to rewrite ω as On the other hand, the hidden conformal symmetry approach based on (2.8)-(2.13) with the potential (3.6) in the near-region could not determine QNFs of scalar around the NEK black hole, while QNFs (i) indicates that the hidden conformal symmetry by using (3.15) given in the near-horizon region as well as near-region provides the same as QNFs (5.29) for the nearly extremal case.
We mention that the approaches (i) and (ii) do not yield QNFs (6.24) of equatorial (ℓ = m) modes around the NEK black hole. This is because the hidden conformal symmetry and near-horizon geometry approaches keep the near-horizon feature of the scalar potential around the NEK black hole only (see Table 1 ). It should be pointed out that δ 2 (6.13) always take a negative value in the near-region and low-frequency limits, which implies that the equatorial mode (δ 2 > 0) and near-region limit are incompatible to each other.
That is why the approaches (i) and (ii), obtained from the near-region and near horizon, do not admit the long-lived equatorial mode.
Finally, we conclude that the hidden Kerr/CFT proposal could determine quasinormal modes and frequencies of the massless scalar wave propagating around the NEK (rapidly rotating) black hole partly.
Appendix B: QNFs of NEK black holes
In this Appendix we briefly show an analytic form of QNFs of scalar around NEK black holes in asymptotically flat spacetime [30, 29] . To this end, we first recall the radial equation (2.5) which is reexpressed in terms of k = r 2 ω + a 2 ω − am as
Introducing new dimensionless variables
6) (6.5) can be rewritten as
where the prime ( ′ ) denotes differentiation with respect to x and W is
We mention that the double limit of a → M and ω → mΩ correspond toτ → 0 andω → 0.
The former limit indicates the NEK black hole, while the latter shows that ω R is almost given by mΩ in the NEK black hole. Note also that for QNMs, two boundary conditions near the horizon and at infinity are given by R ∼ (i) ingoing waves as x → 0 (r → r + ),
(ii) outgoing waves as x → ∞ (r → ∞). (6.9)
In the far region (x ≫ max{τ ,ω}), (6.7) becomes −iδ e −iωr + x U(−iδ + 2iω + 1/2, 1 − 2iδ, 2iωr + x), (6.12) where an important quantity δ is given by − iω + 2iω) .
After manipulations with taking the double limits ofτ ,ω ≪ 1, we find the QNFs of scalar around NEK black hole for non-equatorial ( ℓ = m ≥ 0) modes with δ 2 < 0 [29] ω ≃ mΩ − i2πT NEK n + 1 2 − iδ , Ω = 1 2M , T NEK = r 0 4πM 2 ≪ 1.
(6.20)
In the low-frequency limit of ωa ≤ ωM ≪ 1 andω = ωr + ≪ 1 for the NEK black hole, δ On the other hand, for equatorial ℓ = m ≥ 0 modes with δ 2 > 0, their QNFs take an approximate form 24) which implies that non-equatorial modes decay faster than equatorial modes.
